PROOF OF A DYNAMICAL BOGOMOLOV CONJECTURE 
FOR LINES UNDER POLYNOMIAL ACTIONS 



DRAGOS GHIOCA AND THOMAS J. TUCKER 

Abstract. We prove a dynamical version of the Bogomolov conjecture 
in the special case of lines in A m under the action of a map (fx, . . . , f m ) 
where each /; is a polynomial in Q[X] of the same degree. 



1. Introduction 

In 1998, Ullmo [TJ1198] and Zhang [Zha98] proved the following conjecture 
of Bogomolov |Bog91| . 

Theorem 1.1. Let A be an abelian variety defined over a number field with 
Neron- Tate height h n t and let W be a subvariety of A that is not a torsion 
translate of an abelian subvariety of A. Then there exists an e > such that 
the set 

{x € A(Q) | h nt (x) < e} 
is not Zariski dense in W . 

Earlier, Zhang [Zha95a] had proved a similar result for the multiplicative 
group G^. Zhang [Zha95b, Zha06] also proposed a more general conjecture 
for what he called polarizable morphisms; a morphism <I> : X — > I on a 
projective variety X is said to be polarizable if there is an ample line bundle 
C on X such that <&*£ = qC for some integer q > 1. When a polarizable 
map 3> is defined over a number field, it gives rise to a canonical height /i$ 
with the property that h$(&(a)) = qh${a) for all a € X(Q). Zhang makes 
the following Bogomolov-type conjecture in this more general context. 

Conjecture 1.2. (Zhang) Let $ : X — > X be a polarizable morphism of a 
projective variety defined over a number field and let W be a subvariety of 
X that is not preperiodic under $. Then there exists an e > such that the 
set 

{x G W{Q) | h®{x) < e} 
is not Zariski dense in W . 



Date: September 7, 2008. 

1991 Mathematics Subject Classification. Primary 14G25; Secondary 37F10, 11C08. 
The first author was partially supported by NSERC. The second author was partially 
supported by NSA Grant 06G-067 and NSF Grant DMS-0801072. 

1 



2 



DRAGOS GHIOCA AND THOMAS J. TUCKER 



The definition of preperiodicity for varieties here is the same as the usual 
definition of preperiodicity for points. More precisely, for any quasiprojective 
variety X, any endomorphism : X — ► X, and any subvariety V C X, 
we say that V is & -preperiodic if there exists N > 0, and k > 1 such that 
$ N (V) = $ N+k (V). Note that when A is an abelian variety and $ is a 
multiplication- by-n map (for n > 2), a subvariety is preperiodic if and 
only if it is a torsion translate of an abelian subvariety of A. 

In this paper, we prove the following special case of Conjecture 11.21 

Theorem 1.3. Let fi,...,f m € ®[X] be polynomials of degree d > 1, let 
$ := (/i, . . . , f m ) be their coordinatewise action on A m , and let L be a line 
in A m defined over Q. If L is not <£ -preperiodic, then there exists an e > 
such that 

S L ,$,e ■= {x € L(Q) | Mx) < e} 
is finite (see Section® for the definition ofh$). 

Baker and Hsia [BH05, Theorem 8.10] previously proved Theorem 11.31 in 
the special case where f\ = fi and m = 2. 

Acknowledgements. We would like to thank Arman Mimar for helpful con- 
versations. 



2. Preliminaries 

Heights. Let Mq be the usual set of absolute values on Q, normalized so 
that the archimedean absolute value is simply the absolute value | • | and 
\p\ p = 1/p for each p-adic absolute value | • \ p . For any extension K of Q 
we define to be the set of absolute values on K that extend elements of 
Mq. Then, for any x € Q we define the Weil height of x to be 

h(x) = p— \ —. ■ Y Y logmax{|x|^^ :Q "],l} 
V 1 Q(x) : Q ^ ^ 11 lw S 

w£M Q(x) 

where Q„ and Q(x) w are the completions of Q and Q(x) at v and w respec- 
tively (see [BG061 Chapter 1] for details). 

For a polynomial / E Q[X] of degree greater than 1, define the /-canonical 
height hf : Q — > R> by 

M*) = lim 

following Call-Silverman [CS93j (where f n denotes the n-th iterate of /). 

Let /i,...,/ m € Qf-X'] be polynomials of degree d > 1, and let := 
(/i> ■ ■ • 3 /m) be their coordinatewise action on A m ; that is, 



$(xi,...,x m ) = (fi(xi),...,f m (x m )). 
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We define the ^-canonical height h$ : A m (Q) — ► R>o by 

m 

h<s>(xi, . . .,x m ) = y]hf.(xj). 

i=l 

Note that while A m is not a projective variety, $ extends to a map $ : 
(P 1 ) 7 ™ — > (P 1 )" 1 . Furthermore, $ is polarizable, since 

m m 

$*(g)pr*0 P i(l)^(g)pr*0 P i(d), 

i=l i=l 

where pr, is the projection of (P 1 )" 1 onto its i-th. coordinate. 

Remark. Theorem 11.31 is not true if one allows the polynomials fi to have 
different degrees. This is easily seen, for example, in the case where m = 2, 
the line L is the diagonal, and fi = f\. The map <I> = (/i,...,/ m ) is 
only polarizable when deg/j = deg/j, so this is not a counterexample to 
Conjecture 11.21 

3. Symmetries of the Julia set 

In this section we recall the main results regarding polynomials which 
share the same Julia set. For a polynomial / 6 C[X], we let </(/) denote the 
Julia set of / (see |Bea91t Chapter 3] or [Mil99] for the definition of a Julia 
set of a rational function over the complex numbers). As proved by Beardon 
|Bea901 IBea92| , any family of polynomials which have the same Julia set J 
is determined by the symmetries of J . 

Definition 3.1. If f E C[z] is a polynomial and J(f) is its Julia set, then 
the symmetry group £(/) of J(f) is defined by 

£(/) = {a e C : a(J(f)) = J(/)}, 

where <£ is the group of conformal Euclidean isometries. 

Beardon [Bea90, Lemma 3] computed £(/) for any / £ C[z]. 

Lemma 3.2. The isometry group is a group of rotations about some 

point £ E C, and it is either trivial, or finite cyclic group, or the group of 
all rotations about £. 

To prove the result above, Beardon uses the fact that each polynomial 
/ of degree d > 2 is conjugate to a monic polynomial / € C[z] which has 
no term in z^ 1 . Clearly, if / = 70/0 where 7 G C[z] is a linear 
polynomial, then J(f) = j(J(f))', thus it suffices to prove Lemma 13.21 for 
/ instead of /. If f(z) = z d , then J(f) is the unit circle, and £(/) is the 
group of all rotations about (see also [Bea901 Lemma 4]). If / is not a 
monomial, then we choose b > 1 maximal such that we can find a > and 
fi € C[z) satisfying f(z) = z a f\{z h ). In this case, J(f) is the finite cyclic 
group of rotations generated by the multiplication by exp(27ri/6) on C (see 
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|Bea9CH Theorem 5]). Beardon also proves the following result (see |Bea90t 
Lemma 7]) which we will use later. 

Lemma 3.3. If f & C[z] is a polynomial of degree d > 2 and o S «/(/), 
then f o a = a d o f . 

The following classification of polynomials which have the same Julia set 
is proven by Beardon in [Bca92, Theorem 1]. 

Lemma 3.4. If f,g £ C[z] have the same Julia set, then there exists a £ 
£(/) such that g = a o f . 

4. Proof of our main result 

Proof of Theorem \1.3[ Suppose that for every e > 0, the set Si^,e is infinite. 
We will show that this implies that L must be $-preperiodic. 

We first note that it suffices to prove the theorem for the line V = 
{a i, . . . , a m )(L) and the map 

= (o"i o fi o erf 1 , . . . , a m o f m o er" 1 ) 

for some linear automorphisms o~\ , . . . , o~ m of A 1 . This follows from the fact 
that L is preperiodic for $ if and only if L' is preperiodic for $>' along with 
the equality 

(4.1) V(<?i QT, . . . , c m a m ) — /i$(qi, . . . , a m ). 

Note that (|4.ip is a simple consequence of Definition 12. 11 since \h(o~ix) — h(x)\ 
is bounded for all x € Q. 

We now proceed by induction on m; the case m = 1 is obvious. 

If the projection of L on any of the coordinates consists of only one point, 
we are done by the inductive hypothesis. Indeed, without loss of generality, 
assume the projection of L on the first coordinate equals {^i}, then L = 
{z\} xLi, where L\ C A m_1 is a line, and hfa (z\) = 0. Since only preperiodic 
points have canonical height equal to (see [CS9 3, Cor. 1.1.1]), we conclude 
that Z\ is /i-preperiodic, and thus we are done by the induction hypothesis 
applied to L\. 

Suppose now that L projects dominantly onto each coordinate of A m . For 
each i = 2, . . . , m, we let L{ be the projection of L on the first and the i-th. 
coordinates of A m . Then Li is a line given by an equation X\ = <7j(Xj), for 
some linear polynomial o~i € Q[-X"]. Clearly, it suffices to show that for each 
i = 2, ... ,m, the line Li is preperiodic under the action of (/i,/i) on the 
corresponding two coordinates of A m . 

Let fi := cij o fi o erf 1 and let A = (x, x) S A 2 be the diagonal on 
A 2 . By our remarks at the beginning of the proof, it suffices to show that 
(id, ai)(Li) = A is preperiodic under the action of (/i, fi). Furthermore, the 
fact that we have an infinite sequence (z nj i,z n j) £ Lj(Q) with 

lim hf^Zn i) = lim /i/ 4 (2 n ,i) = 

n^oo ' n^oo 
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means that we have 

lim hfXz n i) = 0, 

because of (I4.ip . Fix an embedding 9 : Q — ► C and let ff and ff be the 
images of f\ and fi, respectively, in C[X] under this embedding. Then, by 
[BH05, Corollary 4.6], the Galois orbits of the points {.2n,i}neN ar< 3 equidis- 
tributed with respect to the equilibrium measures on the Julia sets of both 

ff and fi . Since the support of the equilibrium measure \x g of a polynomial 
g € C[X] is equal to the Julia set of g ([BH05, Section 4]), we must have 

J(f!) = JVD- 

By Lemma f3.4l (see also [BE87, AH96J), there exists a conformal Euclidean 
symmetry m : z — ► aiZ + bi such that /Uj(J(/f )) = J(ff ) and ff = m o ff. 
Note that and bi must be in the image of Q under 6 since the coefficients 
of ff and ff are. Let Tj be the map Tj : z — > 9~ l (ai)z + _1 (6j). Then we 
have ~f i = T i o f x . 

If Tj has infinite order, then it follows from [Bca90, Lemma 4] that there 
exist linear polynomials 71, 7« such that 71 o fi o j^ 1 =^0/^0 j~ = X d . 
In this case, we reduce our problem to the usual Bogomolov conjecture for 
G^, proved by Zhang |Zha92| . Indeed, Zhang proves that if a curve C in 
has an infinite family of algebraic points with height tending to zero, 
then it must be a torsion translate of an algebraic subgroup of G^; that 
is, C = £A where ^ has finite order and A is an algebraic subgroup of G^. 
Since (£A) n = £ n A and £ has finite order, it is clear that such a curve is 
preperiodic under the map (X, Y) ^ (X d , Y d ). 

We may suppose then that T{ has finite order. By Lemma 13.31 we have 
fx o n = rf o fi. Thus, we have 

~k _ (d k -i)/(d-i) fk 

Ji — T i Jl 

for all k > 1. Since Tj has finite order, we conclude that the set 

is finite. This implies that the set of curves of the form (ff , fi )(A) is finite, 
which means the diagonal subvariety A is preperiodic under the action of 
(/li/i)) as desired. □ 

We believe that it is possible to extend the methods of the proof of Theo- 
rem ll.3l to the case of arbitrary rational maps tpi,..., ip m of the same degree, 
though the proof seems to be much more difficult, requiring in particular 
Mimar's [Mim97j results on arithmetic intersections of metrized line bun- 
dles and an analysis of Douady-Hubbard-Thurston's [DH93] classification of 
critically finite rational maps with parabolic orbifolds. We intend to treat 
this problem in a future paper. 
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